In the most general case of three electrons in three symmetry unrelated centres with localized magnetic moments, the low energy spectrum consists of one quartet ( ) and two doublet ( , ) pure spin states. The energy splitting between these spin states can be described with the well-known Heisenberg-Dirac-Van Vleck 
energy spectrum arising from calculations using the exact, non-relativistic timeindependent electronic Hamiltonian and the eigenvalues of the HDVV model spin Hamiltonian. 7, 8 In case of dealing with pure spin states, the one-to-one correspondence holds whereas when using BS solutions, as is the case in DFT calculation, appropriate spin projection is required. This approach is rather general and has proven to provide consistent results for rather complex systems.
6,23
Instead of attempting to obtain the eigenvalues and eigenfunctions of the spinadapted states from appropriate combination of BS solutions and then mapping them to the analytic expression of the energy of the pure spin states of the HDVV Hamiltonian, Moreira and Illas suggested to directly link the energy corresponding to DFT calculated BS solutions to the expectation energy of the HDVV Hamiltonian. 7 In both cases, the magnetic coupling constants of interest appear in the analytic expression of the eigenvalue or energy expectation value of the HDVV as shown in Section 2, with the advantage of not requiring the use of a spin projector, which cannot always be defined.
24
Despite of the success of theoretical approaches in extracting magnetic coupling constants from appropriate mapping of the calculated energy of the spin adapted states of interest to the eigenvalues of the HDVV Hamiltonian, there are many situations where this mapping procedure cannot be used. This is the case when the number of spin-adapted states is equal or less than the number of relevant magnetic coupling constants. The case of three electrons in three magnetic centres problems provides a paradigmatic example. In the case of trinuclear Cu(II) complexes, envisaging also three electrons in three magnetic centres, a solution to recover the mapping approach was proposed which made use of the mapping between BS solutions obtained from DFT calculations and expectation values of the HDVV Hamiltonian for an equivalent type of BS solutions. 25 The problem here is the exceedingly large dependence of the calculated magnetic coupling constants with the choice of the exchange-correlation potential used in the DFT calculations. However, it was empirically found that an almost constant relationship between the two most relevant magnetic coupling constants exists independent of the density functional method used in the calculations. This relationship can be taken as an additional independent equation thus allowing extracting the three independent coupling constants defining the HDVV of this system from accurate calculations of the two linearly independent energy differences. While this procedure provided consistent results for a Cu(II) trinuclear compound, it is based on an empirical finding and requires either the combined use of wave function based calculations for the states of interest and of DFT calculations to extract the above mentioned relationship or experimental input to assist in choosing the appropriate DFT method. In any case, one can properly claim that the obtained results might be biased by the imposed relationship between the coupling constants. Clearly, a more theoretically grounded procedure is required.
Here, by means of effective Hamiltonian theory, we first justify the correctness of this approach and then show its general validity by analyzing a more difficult three electrons in three centres problem. Based on the work by Rajca and co-workers, 26 we consider a simplified -conjugated odd alternant hydrocarbon involving rather delocalized unpaired electrons.
Obtaining Spin
Hamiltonians from ab initio effective Hamiltonian theory.
Matrix representation of the HDVV model spin Hamiltonian
The general form of the HDVV Hamiltonian is well-known. 1,5 However, in practice, it is necessary to consider its explicit form for each case under scrutiny. For a system with three S=1/2 magnetic centres in a 1-2-3 asymmetrical topology, the low energy spectrum is well described by a HDVV Hamiltonian as in Eq.
(1) below
(1) where is the exchange coupling constant between the and localized spin moments and the symbol indicates that the sum refers to nearest neighbour interactions only. According to the adopted definition in Eq.
(1), a positive value of the exchange coupling constant corresponds to a ferromagnetic interaction between S i and S j magnetic moments. Conversely, a negative value describes an antiferromagnetic interaction (parallel and antiparallel spins alignments respectively).
The number, sign and magnitude of the most relevant determine the low-energy spectrum of the problem and consequently the magnetic ordering of the system. It is worth noting that spin adapted wave functions are also eigenfunctions of the total squared spin operator , given that . The matrix representation of this operator on the basis formed by the neutral determinants, those with one spin per enter only, is presented in Table 1 .
Diagonalization of the low sub block, leads to the three spinadapted states, one quartet and two doublets describing the low energy spectrum.
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(2)
and the corresponding eigenvalues are
Here, the problem of the mapping approach using spin adapted functions becomes evident since there are three different magnetic coupling constants, but only two energy differences. To simplify the problem, one can either neglect one of the coupling constants based on distances between the magnetic centres or make use of the symmetry of the problem (if any) to establish relationships among the coupling constants. Scheme 1 exemplifies this problem with two simplified models: an equidistant linear and an equilateral triangle arrangement. In the equilateral case, all three coupling constants become equal, the two doublet states become degenerate, and the spectrum involves one energy difference only, which allows obtaining the magnetic coupling constant provided accurate energy values for the quartet and (degenerate) doublet states are available. In the linear case, assuming it is centre-symmetrical, the coupling constants between the two closest neighbours are equal and one can safely assume that the external one vanishes. In this case, there are two linearly independent equations as a function of the same parameter J, which permits checking the consistency of the spectrum, again provided that the energy differences have been calculated with enough accuracy. In case of relying on BS solutions it is enough to consider the diagonal terms of HDVV in forms. Additionally, the effective Hamiltonian theory also provides a tool to extract additional information from the wave function that is not directly accessible from the energy spectrum. However, the construction of the effective Hamiltonian is tedious and a specific code is needed for each case of interest.
There are two main ways of constructing an effective Hamiltonian; the one developed Bloch 28 which leads to a non-hermitian representation, and the one proposed by des Cloizeaux 29 that solves this problem and for our purposes is the most convenient one. A more detailed explanation of effective Hamiltonian theory has been provided by Durand and Malrieu 30 and for applications to magnetic problems we refer to previous works. 8, 31 The procedure starts by targeting the spin space determining the low-lying energy spectrum, which is the model space. Basically, the construction of the effective 
We can then define a projector targeting the model space S as: (10) where {| } is an orthonormal basis of this model space. In our case, it is constituted by the determinants corresponding to the localized valence bond forms that span the Heisenberg Hamiltonian as in Table 1 . In practice, this requires a previous orbital localization step. Thus, an Effective Hamiltonian can be defined as in Eq. (11)
being:
The basis set in which is written is not necessarily orthonormal. To overcome this we make use of the orthonormalized projections proposed by des Cloizeaux:
where are the elements of the overlap matrix between the states as in Eq. (14)
Then the effective Hamiltonian is simply obtained from its spectral decomposition and its matrix representation in the space of neutral determinants is an Eq. (15)
The elements can now be directly compared to the elements of the Heisenberg Hamiltonian; in the present case to the matrix elements in Table 1 .
Systems under study.
Two different three electrons in three centres systems have been investigated in this work. The first one is HAKKEJ homotrinuclear Cu(II) complex 33 which constitutes a very convenient choice because of the availability of experimental crystalline and magnetic data. Also because this is the system for which an almost constant relationship between dominant magnetic coupling constants was found, independent of the DFT method used. 25 The second molecule investigated is a natural extension of systems studied in previous work 34, 35 concerning -conjugated odd alternant hydrocarbons polyradicals interacting through-bond. These molecules are known as candidates to achieve ferromagnetism in purely organic compounds. [36] [37] [38] It is worth pointing out the different nature of the unpaired electrons in both systems; the former consisting in localized d 9 orbitals in the Cu(II) metal atom, whereas in the latter the unpaired electrons are hosted in carbon sp 2 -type orbitals delocalized over a large -conjugated system. For none of them there is a symmetry operation relating the magnetic centres, implying that the spectra cannot be simplified. Both systems and the corresponding magnetic coupling constants of interest are depicted in 
Computational details
The effective Hamiltonian for the trinuclear Cu(II) complex has been obtained from the energies and wave functions for the three pure spin states as obtained from Difference Dedicated Configuration Interaction (DDCI) 39 calculations at the experimental structure and using the same basis sets as in previous work. 25 The DDCI calculations use a reference CASSCF 40 wave function containing three electrons in the three magnetic orbitals CAS(3,3) corresponding to the three partially occupied 3d orbitals localized in the Cu atoms,
Calculations for the triradical model system in Figure 1 have been carried out using a variety of wave function and DFT based methods. The wave function based calculations employ pure spin states. On the other hand, the DFT based calculations all spin unrestricted and, whenever needed, make use of broken symmetry solutions.
Geometry optimization has carried out using the popular B3LYP 41 [46] [47] [48] [49] Note that MRMP is sometimes denoted as MCQDPT for
Multiconfigurational Quasi Degenerate Perturbation theory.
The MRMP on top of CASSCF calculations were carried out using the GAMESS13 code 50, 51 and DDCI calculations were carried out using the the CASDI 52 code interfaced to the MOLCAS7.8 package 53 . All DFT based calculations have been carried out by means of the Gaussian-09 suite of programs. 54 Finally, it is worth pointing out that the DDCI calculation, which was later used to construct the effective spin Hamiltonian, was performed only for one of the minima found for the triradical,
given that there is not a significant change in the magnetic coupling interactions at different minima. Additionally, this calculation was performed on a set of 2p z -like molecular orbitals previously localized to ensure that the CAS space is written on neutral determinants. The CASSCF wave function is invariant with respect to the unitary transformations within the doubly occupied, active or virtual orbital subspaces.
Here a unitary transformation among the active, single occupied, orbitals is used to obtain localized orbitals. This is a necessary step to build the effective Hamiltonian in the appropriate physically meaningful space and also allows for a physical interpretation in terms of valence bond forms. Nevertheless, one has to warn that even if the CASSCF wave function is invariant with respect to localization of the active orbitals, the resulting DDCI wave functions may depend on the method of localization used although one expects that, for well localized orbitals, the effect on the computed effective Hamiltonian will be minor. Note also that, in the case of the trinuclear Cu(II) complex this localization step is not necessary since the magnetic orbitals are naturally localized at each Cu site. In the next section we will show that the two compounds exhibit similar trends and, since no additional localization step is used in the case of the trinuclear Cu(II) complex, one can safely claim that the influence of the localization method in the organic triradical will be almost negligible.
Due to the larger size of the systems under study, the DDCI calculations have been carried out considering a subset of orbitals either in the occupied and virtual subspaces. The size of the largest DDCI calculations involves ~100 million determinants.
Results and discussion.
In the case of the trinuclear Cu(II) complex, despite the well-known large dependence of the calculated J ij values with respect to the density functional used, 25 BS calculations consistently provided a ~0.9 relationship. Table 2 Table 1 and the numerical results are presented in Table 4 Table 6 presents the resulting energies and wavefunction components, which are later used to construct the effective Hamiltonian.
The matrix elements (in cm -1 ) of the effective Hamiltonian obtained using Eq (15) on this model VB space can therefore be found in Table 7 and comparing to Table 1 Table 4 ). Note that, as mentioned above, the magnetic couplings of the organic triradical are less dependent on the exchange-correlation potential.
Nevertheless, it is important to point out that these ab initio estimates of the relevant magnetic coupling constants provide a value / = 0.837 that is somewhat larger than the corresponding value predicted by the hybrid DFT calculations which is of ~0.70.
This is likely to be originated from a larger degree of delocalisation present in some BS solutions (the asymmetric |ααβ solution). This effect has a larger effect on the value of which, at the DFT level, is overestimated by almost one order of magnitude. The precise numerical relation between the different magnetic coupling constants in complex magnetic systems is important since the subtle interplay between the dominant and the less intense but more frequent (i.e.: larger number of pairs) couplings is responsible for the magnetic structure and properties of the system.
Conclusions.
Extracting all relevant two-body magnetic coupling constants in a general three electrons three centers problem cannot be accomplished from the energy spectrum 
